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Abstract. The automorphism groups for the groups of orders 8p and 8p 2 are 
given. The calculations were done using the programming language CAYLEY. 
Explicit presentations for both the groups of these orders and their automor- 
phism groups are given. 

1. Introduction 

In the early development of group theory much effort was devoted to the de- 
termination of the number of groups of a certain type, e.g., the number of groups 
of degree 8 say, or the number of groups of a certain order, e.g., 72, 16p (p being 
any odd prime), etc. This is not as active an endeavor as it was about 100 years 
ago, but some work is still being done in this area. (See references in Appendix 
of pQ and the book of M. W. Short Some of these authors obtained explicit 
presentations for all of the groups of orders such as 8p, 16p, 16p 2 ,. . . for p being an 
odd prime. There has been very little work devoted to the explicit determination 
of the automorphism groups of these groups. It seemed to the authors that if ex- 
plicit presentations for these groups could be found, then one might be able to do 
the same for their automorphism groups. This has in fact turned out to be the case. 

Knowledge of the automorphism groups of groups is useful in a variety of con- 
texts; e.g., in the general problem of group extensions, Aut(G) is one more invariant 
for the group G which might serve to distinguish one group from a second noniso- 
morphic one. There are other questions that could also be asked, e.g, what relation 
if any exists between the structure of the group G and that of its automorphism 
group, Aut(G). 

Desktop computers are now being used in many different areas where the tried 
and true methods of the field are paper and pencil types of proof. Modern algebra, 
and especially group theory is one such field. The use of computers to solve prob- 
lems in group theory has come about because of the work of individuals such as Drs. 
J. Cannon and J. Neubueser and their computing systems (CAYLEY/MAGMA and 
GAP respectively) [Hj. The development of computing algorithms per say, as useful 
as these computing procedures may be by themselves does not contribute to the 
solution of typical problems in abstract algebra. The intelligent use of the com- 
puter for providing a large number of examples and counterexamples can lead to 
the formulation of conjectures (would-be theorems if you will) that point the way 
to further progress in many areas. This work attempts to show how one can use 
computers to formulate theorems that deal with the automorphism groups of finite 
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groups. Additional questions involving automorphism groups that may be investi- 
gated by means of computers can be found in the article by D. MacHale 0). 

The calculations reported upon below were done using the programming lan- 
guage CAYLEY. For the groups of order 8p 2 , the calculations were explicitly done 
for the primes p = 3, 5 and 7, as well as for some higher orders, e.g., p = 17, when 
the systematic behavior for these higher orders is not clear from the lower-order 
calculational results. The tables list the calculational results as a function of p, 
for any odd prime. In some cases, for example cyclic groups, dihedral and dicyclic 
groups, the results were proven a long time ago using alternate, and more tradi- 
tional, group-theoretic methods and can be found in many group theory textbooks. 
In other cases the general expressions given are deductions (or conjectures if you 
will) as to what the general behavior of these automorphism groups will be based 
upon the explicit calculations done for the cases of the smaller primes. Each entry 
in the tables below can be looked upon as a theorem to be proven in the more 
traditional theorem-proof approach to group theory problems. 

The calculational results to be presented below almost certainly can be deter- 
mined by other non-computer methods, but explicit calculational methods, where 
they exist, are difficult to find; e.g., the standard reference on the automorphism 
groups for abelian groups is a 1928 article in German by K. Shoda, and the stan- 
dard work on automorphism group towers is the 1939 article by H. Wielandt [Hj, 
also in German. With the large number of group theory textbooks on the market 
it is surprising that most of them contain only a brief discussion of automorphism 
groups and even less on methods for their calculation 

We hope that the general patterns found in our calculations of these automor- 
phism groups will encourage others to develop other, more standard group-theoretic 
methods for the calculation of the automorphism groups of finite groups. The 
structural patterns found in the order 8p and 8p 2 groups' automorphism groups 
are present in almost all of the other cases that the author has investigated. The 
results of these other investigations for orders 16p, 16p 2 , 32p, 8p 3 ,. . . will be pub- 
lished elsewhere. 

A major reason for this publication is to encourage others to consider the study 
of automorphism groups of finite groups as a field ripe with possibilities for pro- 
ducing very general theorems — a structural theory of automorphism groups, if 
you will. The relationship between the group and its automorphism group is also a 
good area to look at, since in many cases the automorphism groups [Aut(C p @T)] 
take the form Hol(C p )x (invariant factor). The "invariant factor" should be de- 
terminable from the group T alone. 

In what follows we will need some information on the groups of orders 8 and 
8p as well as their automorphism groups. This material will be summarized below 
for the reader's convenience. Much of this material is available in standard books 
on group theory, e.g., Carmichael [7] and Burnside [Sj, among others. Some of the 
material on the automorphism groups for the groups of order 8p may be found in 
the books by Coxeter and Moser 9 , and Wood and Thomas ^U]. We have not been 
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able to obtain a complete "closed form" expression for certain of the automorphism 
groups for the orders 8p , namely those for the groups in which the action of the 
2-group on the p-group is by a Q 2 image in which p = 7 mod(8). The problem 
is determining a representation of the group < 2,3,4 > of order 48 in the groups 
GL(2,p) for p = 7 mod(8) (see appendix 2). Section 3 contains a brief discussion 
of the automorphism groups of the groups of order 8p 2 and some possible gener- 
alizations. Section 4 contains additional material on the C% extensions. Certain 
questions on determining when two groups are isomorphic or distinct may provide 
for interesting classroom exercises in elementary group theory. One can certainly 
use some fancy programming system (e.g., GAP) to do this, but it might be useful 
to see why/how these various groups of order 8 * 17 2 differ. 



2. Background material on groups of order 8 and 8p 

AND THEIR AUTOMORPHISM GROUPS 

The five groups of order 8 and their automorphism groups are: 



group g 


c 8 


d x C 2 


C 2 x C 2 x C 2 


Di 


Q2 


aut(s) 


C 2 x C 2 


Di 


GL(3, 2) 


D 4 


S 4 



The group GL(3,2) is the simple group of order 168, and £4 (the symmetric 
group of order 24) is a complete group. 

A complete group is a group all of whose automorphisms are inner. An alternate 
definition of a complete group is a group with a trivial center and whose automor- 
phism group is isomorphic to the group itself. 

The Lattice Structure of D4 



C2 



1 



C 2 
C2XC2 



C 2 xC2 
C 2 




Figure 1 

To obtain the groups of order 8p where p is an odd prime we need to know the 
normal subgroup structure of the groups of order 8. This information is readily 
available in many textbooks, e.g., the Hall-Senior tables ^T] and in JUj. A typical 
example is the one for D4 shown in Figure 1. From this figure we see that we have 
two different quotient groups of order 2, one with a kernel C4 and the second one 
with the kernel C 2 x C 2 . For the groups of order 8 there are seven such distinct 
normal subgroups, and each such C 2 quotient gives rise to a distinct group of order 
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8p. All of these groups will appear in every order for which there exist groups of 
order 8p. There are two groups of order 8 that have a quotient group C4; these two 
groups will give rise to an additional pair of groups of order 8p for those primes 
that are equal to 1 mod(4). There is one additional group, coming from C%, that 
will give rise to an additional group when p = 1 mod(8). There are two groups of 
order 8 that have an automorphism of order 3, namely C2 x C2 x C2 and Q2- For 
the order 24 these two groups will give rise to an additional pair of groups (namely 
A4 x C2 and SL(2,3)). In order 24 then we have the following groups: 

5 direct products of the form C3 x group of order 8 
7 C2-type extensions 
2 groups having a normal sylow 2-subgroup: 

(A x C 2 and SL(2,3)) 

1 group without a normal sylow subgroup, S4 

For order 40 (p = 5 so p is of the form 1 mod (4)), we have the five direct prod- 
ucts plus the 7 C2-type extensions plus the two coming from the C4 action on C5. 
There are no automorphisms of order 5 in the automorphism groups of order 8; so 
there are no groups of order 40 with a normal sylow 2-subgroup. All of the groups 
of order 40 have a normal sylow 5-subgroup. For p = 7 we have one extra group, 
namely (C 2 x C 2 x C 2 ) @ C7, the Frobenius group of order 56. 

Presentations for the groups of order 8 are listed in Table 1. The non-direct- 
product groups of order 8p along with their automorphism group factors are also 
listed in Table 1. A simple illustration will show the reader the meaning of the 
entries in this table. Consider the extensions coming from the group D4. From 
Table 1, D4 has the presentation a 4 = b 2 = a b * a = 1. The group D4 has two 
distinct normal subgroups of order 4 (C2 x C2 and C4), giving rise to quotient 
groups of order 2. The two possible actions of D4 on C p are: 

(1) a) c p = a 4 = b 2 = a b * a = c a * c = (6, c) = 1 [case a in Table 1] 
for the case of the C2 x C2 kernel and 

(2) b) c p = a 4 = b 2 = a b * a = (a, c) = c b * c = 1 [case b in Table 1] 

for the case where the kernel is C4. 

Case a) has an automorphism group isomorphic to 

(3) (entry in table) x Hol{C p ) 
or 

(4) C 2 x C 2 x Hol{C p ) 
and case b) has an automorphism group isomorphic to 

(5) D A x Hol(C p ), 
where Hol(C p ) is the holomorph of the group Cp. 

The remaining entries in this table follow the same pattern. The "entry in table" 
factor will appear in all C2 extensions of p-groups by the same order 8 group. 
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3. Groups of order 8p 2 and their automorphism groups 

Let us start by considering the case (C p x Cp)@£>4- This is a group of order 72 
for p = 3. In fact, there are several possible groups of this form. Let us for now 
only concern ourselves with the C2 actions of D4 on the p-group. From the above 
comments we know there are two possible C2 actions that can arise from D 4l but 
each of these actions can act in two different Wciys on Cp x Cp-, viz; 

(f = dP = (c, d) = a A = b 2 = a b * a = 

(6) (a,c) = (a,d) = (b,c) = d b *d = 1 C p x (C P @D 4 ), 
or 

(7) (a, c) = c b * c = (a, d) = d b * d = 1 (C p x C P )@L> 4 - 

The other case arises from interchanging the actions of a and b on the p-group, viz: 
c p = d p = (c, d) = a A = b 2 = a b * a = 

(8) (a,c) = (b,c) = d a *d= (b,d) = 1 C p x(C p @D 4 ), 
or 

(9) c a *c=(&,c) = £r*(i=(M) = l (C p xC p )@D 4 . 

The automorphism groups for the four different groups of order 8p 2 are all different 
but easily specified for all primes p: 

(10) Hol(C p ) x C^.i) x £> 4 , 

(11) iJo/(C p x C p ) x L> 4 , 

(12) Hol(C p ) x C(p_i) x C 2 x C 2 , 

(13) Hol(C p x C p ) x C 2 x C 2 . 

In fact, the general case looks like this: 

(14) cf - c p 2 = ■ ■ ■ = c p n = a 4 = b 2 = a b * a = ■ ■ ■ = 1 

with a commuting with the generators c\ , . . . , c n and b acting as an element of 
order 2 on the first m generators ci, . . . , c m , and commuting with the last n — m 
generators of order p. In this case the automorphism group of this group is 

(15) Hol(C p x Cp x • • • x Cp) x GL((n — m),p) x D 4 , 

where we have m C p 's in the holomorph. If the generator b were commuting with the 
generators c\ , . . . , c„ and the generator a were acting on the generators c\ , . . . , c n 
instead, then the resulting automorphism group would be obtained by just replac- 
ing the D 4 factor by the factor C2 x C2 in (15). In a like manner one can find similar 
patterns in other groups or with other actions, e.g., C2 x C2, C4 or an order 8 group. 

The groups of order 8p 2 that arise by a C2 action of the 2-group on the p-group 
can be easily written out, and their automorphism groups also follow a very simple 
pattern. Namely, for the automorphism groups, we determine the C2 action on the 
p-group, pull out the corresponding entry in Table 1, and the "p- factor" is now 
either 



(16) 



C ( p_ 1} x Hol{C p ) 
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if the C2 acts only on one of the C p s or 

(17) Hol{C p x C p ) 
if the C2 acts on both of the Cp's. 

When the p-group is cyclic, the groups behave just like the case of order 8p. 
Namely, just use the "invariant factor" in Table 1 with Hol(C^ p ^) and you have 
the automorphism groups for these cases. 

The cases involving an order 4 or higher-order action are listed in Table 2. In 
the case of Ci x Ci actions the "p-factor" is one of two types: Hol(C p ) x Hol(C p ), 
or a group that can be represented as a wreath product |12j . The automorphism 
groups coming from a Ci x C2 , C4 or a C4 x C2 action are explicitly written out in 
Table 2. The cases arising from the -D4 or Q2 actions depend upon p and are given 
in the notes to Table 2 (Appendix 1). 

Table 2 also gives in an abbreviated form the presentations of the groups of order 
8p 2 . To obtain the required presentation from this table a few examples will show 
how to reconstruct the presentations. Look at the (C2 x C2) image from C4 x C2, 
for the case [ab,b]. The group whose automorphism group is [Hol(C p ) x C^wrC^ 
has the presentation: 

(18) a 4 = b 2 = (a, 6) = c p = <P = (c, d) = c a * c = c b * c = (a, d) = d b * d = 1. 

For the group (C4 x C2) with an order 8 group action, Table 2 gives [a,ab] (with 
automorphism group Hol(C p )wrC2) giving the presentation: 

(19) a 4 = b 2 = (a, b) = c p = d p = (c, d) = c a * c x = d a * d = (b, c) = d b * d = 1, 

where x 4 = 1 mod(p) (i.e., a; is a fourth root of unity |2U| ). 

The groups without a normal sylow p-subgroup are treated in Table 3. 

For the case of p = 1 mod(2) but not 1 mod(4) or 1 mod(8) we have only two 
cases of a C4 and one case of a Cg extension. For p — 7 we have extensions in which 
the action is full (i.e., by a group of order 8) involving only the groups Cg, -D4, 
and Qi. The automorphism group of (C p x C P )@Q2 is always a complete group 
[T3"| . The automorphism group of the group with a full C% action is also a complete 
group, with order 4704 (for p = 7). The D4 extension's automorphism group is not 
complete, but has order 2352 (for p = 7). 

In connection with the study of "higher" orders, e.g., 2-groups of orders 16, 32, 
and especially of order 64 the following observation is very useful: if the group 
associated with the extension is a characteristic subgroup of index 2 for the given 
2-group, then the automorphism group arising from this extension is given by |14| 

(20) Hol(C p ) x Automorphism group(2-group). 

In connection with the groups of order 192 with a normal sylow 3-subgroup, this 
means that about 700 of the automorphism groups of this type in this order are 
already known, without the need for performing any calculations whatsoever |15j . 
In fact since these groups have a "natural extension" to groups of order 64p, p any 
odd prime, this whole class of automorphism groups is already known without the 
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need to do any calculations! General results like this considerably reduce computer 
time in the calculation of automorphism groups, and at the same time provide a 
link between the structure of a group and its automorphism group. One should also 
note that this simplification does not extend to the cases of the form C q @X, where 
X is a p-group (p an odd prime, q = 1 mod(p)) and X acts on C q as an operator 
of order p. An interesting exercise would be to see what happens both in this case 
and in the cases for 2-groups where the group associated with the extension is a 
characteristic subgroup of index greater than 2. 

4. Groups of order 8p 2 . The C 8 Extensions 

The most recent discussion of the groups of order 8p 2 is that given by Zhang 
Yuanda |16j . Following Zhang Yuanda |16j the groups of order 8p 2 with the p-group 
being C p x C p and with the 2-group being cyclic give rise to the cases listed in Table 
4. 

All of the numbers in Table 4 refer to the listing of the groups as given in the ar- 
ticle by Zhang Yuanda |16j . The relations for the groups in Table 4 are given below. 

For the purpose of determining the number of groups of order 8p 2 of the form 
(C p x C p )@Cg for a particular prime p, it is more convenient to use the following 
breakdown: 



Number of groups of the form (C p x C p )@Cs 


prime p 


number of groups 


image of 2-group 
Ci Ci Cg 


]£p = l mod(2) 


2 + 1 + 1 


if p = 1 mod (4) 


2 + 4+1 


if p = 1 mod(8) 


2 + 4 + 8 



The relations for the C4 action when p is not equal to 1 mod(4) can be written 

as 

(21) a p = b p = (a, b) = c 8 = a c * b' 1 = b c * a = 1. 

The relations that Zhang Yuanda gives for a Cg action when p = 3, 5 and 7 mod(8) 
are: 



a p = W = (a, b) = 


c 8 = a c * b - 1 = b c * b - 


- s * a * = 


1 


number in ref. [16] 


relation for s and t 


{p,s,t) 


z(s) 


16. for p = 3 mod(8) 


s 2 = -2 mod(p), t = 1 


(11,3,1) 


I 


7. for p = 1 mod(4) 


s = 0,t 2 = -1 mod(p) 


(13,0,8) 


I 






(17,0,4) 


I 


17. for p = 7 mod(8) 


s 2 = 2 mod(p), t = — 1 


(7,3,-1) 


I 






(31,8,-1) 


I 
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Explicit relations for the first few cases of {C p x C p )@Cs are given by: 

(22) a p = b p = (a, b) = c 8 = a c * a w * b x = b c * a y * b z = 1, 

where the entries in Table 5 are (w,x;y,z). The automorphism groups for these 
groups are given in Table 6. 

The following two sets of presentations yield groups that are not distinguishable 
by their class structure and automorphism groups alone: 



[-2,2], [-2,8], [-2,9], — >#'s 7, 12, 13 in Table 6 


number of elements 


order of elements 


number of classes 


289 


2 


1 


578 


4 


2 


1156 


8 


4 


288 


17 


36 


Here we are using the notation [-2, a] = (-2, 0:0, a). 


[-2,4], [-2,13 


— ► #'s 11 and 10 in Table 6 


number of elements 


order of elements 


number of classes 


17 


2 


1 


578 


4 


2 


1156 


8 


4 


288 


17 


38 


272 


34 


4 



This poses the interesting question of how to determine when two groups with 
different presentations might be isomorphic. Clearly in many cases one can compare 
the conjugacy classes of the two groups to show that they are not isomorphic. In 
other cases when this does not distinguish between two groups the automorphism 
groups of these groups may be different. Within each of the sets above neither of 
these methods enables one to be able to distinguish between these nonisomorphic 
groups. (An interesting exercise for the reader would be to develop a computational 
method which would enable one to distinguish between these different groups |17|.) 
Such methods obviously exist. It would be helpful to be able to list the group 
invariant that enables one to distinguish between these groups. Group theory pro- 
gramming systems such as GAP have a routine that enables its users to determine 
whether two groups are isomorphic or not. 

5. Conclusions 

We were told by some group theorists when we started this work around 1980 
that the study of the automorphism groups would be very difficult since there were 
very few general results known We felt at that time if one could determine 
general presentations for the groups of a particular type (e.g., of order 8p), then one 
should probably be able to determine their automorphism groups with equal pre- 
cision. As this work shows, we have in fact been able to obtain explicit expressions 
for the automorphism groups for the groups of orders 8p and 8p 2 , for all odd primes 
p (modulo a representation theory problem for the p = 7 mod(8) cases). In this 
work the "factor" that is independent of "p" in Aut(G) appears to be a new group 
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invariant associated with the group G (or Aut(G)). More details on this aspect of 
the work will be presented in a paper on the automorphism groups for the groups 
of order 32p. 

The situation arising with the matrix representations for the group < 2,3,4 > 
discussed in Appendix 2 also shows the limitations of a purely computational ap- 
proach to the subject. If one had restricted the calculations to primes p < 103, 
then one would have been led to believe that one could always find a matrix rep- 
resentation for the group < 2,3,4 > using matrices of the form H43fl in Appendix 
2. As is apparent from the calculations mentioned in Appendix 2 this is not the case. 

The use of computers in mathematical research is widespread. The real value of 
a computer in many areas of mathematics, like group theory among others, seems 
to us to be in providing a large number of examples, or conjectures if you will, to 
enable the mathematician to formulate new theorems which may be proven by other 
noncomputational means. In the case of group theory this is certainly a desirable 
goal. The computer like all finite machines has its limits. In some of the computer 
runs to be reported in other papers the time taken to compute one automorphism 
group may be as much as 24 hours. Clearly as one goes to larger and larger orders 
other less brute force methods become more and more relevant. The insight pro- 
vided by the lower-order calculations should lead one to a better understanding of 
just what is likely to be true and what is false. A single example can show that a 
"theorem" is false, but no finite number of cases can show that it is true. Hence the 
intelligent interactions of the mathematician and the computer hopefully provide a 
guide to the formulation and solution of otherwise difficult problems. The authors' 
work on the computation of the automorphism groups is an attempt to provide the 
first step in showing just how useful the computation of automorphism groups can 
be in providing a guide as to what the general structure of these automorphism 
groups is. The author hopes the conjectures or "theorems" proposed above show 
just how useful this interaction of computers with the more standard methods of 
group theory can be for future research. 
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6. Appendix 1 [201 - Notes for Table 2 
Mainly presentations for automorphism groups of _D 4 and Q 2 images. 

The group [144] in Table 2, for p > 3 means 

Aut[{C p x C P )@C 4 ] 

when p = 3, 7 mod(8), or H(p 2 ). Here H(p n ) is the group of all mappings 
x 1 — ► a * x* + 6 where a (different from zero) and 6 are elements of the Galois 
field, GF(p n ), and t is an element of the Galois group of GF(p n ). Here p is a prime 
number. The order of the group H(p n ) is p n * (p n — 1) * n. (See D. Robinson |19|.) 

Notes for C 4 column: 

For p = 1 mod (4) we have the following four cases for a C 4 action on the p- 
group, and the [144] factor being replaced by the factors below arising from the 
four nonisomorphic cases, which in lowest order (p = 5, and with the C 4 action in 
C4 x C2) take the form: 



Group (p = 5 case) 


Automorphism groups 
for p > 5 


Group 


relations (p = 5) 
a 5 = b 5 = (a, b) = c 4 = 


(C 5 @C 4 ) x C 5 
Hol(C 5 ) x C 5 

(C 5 x C7 5 )@C7 4 

(C 6 x C7 5 )@C7 4 

(C 5 x C 5 )@C 4 


a c * a 2 = (6, c) = 1; 

a c =1= a 2 = b c * 6 = 1; 

a c * a 2 = b c * b 2 = 1; 

a c *a 2 = 6 C *6 3 = 1; 
or a c * (fe _1 ) = b c * a = 1; 


Aui(s) = Hol{C p ) x C^.!) 

Att*(ff) = Hol{C p ) x Hol{C p ) 
Aut(g) = Hol(C p x C p ) 
Aut(g) = Hol(C p )wrC 2 - 



The last two groups have the same class (order) structure and so cannot be dis- 
tinguished from their conjugacy classes alone. As can be seen above though, they 
can be distinguished from the fact that they have different automorphism groups. 



The sequence of groups of order Ap 2 with the presentations 

(23) a p = V = (a, b) = c 4 = a c * (6" 1 ) = b c * a = 1 

have complete groups for their automorphism groups for p =(3,5,7,11). For primes 
p < 23 the automorphism groups and their orders are: 



p 


order of group 


automorphism group 


3 


144 = 2 4 * 3 2 


H(3 2 ) 


5 


800 = 2 b * 5 2 


Hol(C 5 )wrC 2 


7 


4704 = 2 5 * 3 * 7 2 


H(7 2 ) 


11 


29,040 = 2 4 *3*5* ll 2 


H{11 2 ) 


13 


48,672 = 2 5 * 3 2 * 13 2 


Hol(C 13 )wrC 2 


17 


147,968 = 2 9 * 17 2 


Hol(C 17 )wrC 2 


19 


259,920 = 2 4 * 3 2 * 5 * 19 2 


H(19 2 ) 
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If p = 1 mod (4), the automorphism group of the group whose presentation is 



(24) a? = b p = (a, b) = c 4 = a c * (b' 1 ) = b c * a = 1 



is Hol(C p )wrC2] otherwise, it is H(p 2 ) of order p 2 * (p 2 — 1) * 2. In either case, 
Aut(g) is complete. 

Note. Not all products of the form (Hol(C p )wrC2) are complete 
groups. The group Hol{Cz)wrC2 has order 72 and is not complete, 
but Hol(Ci)wrC-2 is a complete group. 

Notes for order 8 column: 

a) . For the C§ cases see Table 4. 

b) . Di cases. 

The presentation for this set of groups is: 

a 4 = b 2 = a b * a = c p = d p = (c, d) = 
c a *d = d a * (c- 1 ) =c b *c = (b,d) = 1. 

The automorphism groups for this sequence of groups have the following orders: 



p 


order Aut(g) 


comments 


3 


144 


complete group 


5 


800 


complete group 


7 


2,352 


not complete (1) 


11 


9,680 


complete group 


13 


16,228 


complete group 


17 


36,992 


not complete (2) 


19 


51,984 


complete 


23 


93,104 


not complete (3) 



(1) Aut(2,352) has order 4,704. 



(2) 36, 992 73, 984 -> Hol{C 17 )wrC 2 (complete). 

(3) Aut here has order 186,208. 

The orders of these Aut(g)'s follow the pattern 8 * p 2 * (p — 1), the p = 3 or 
5 mod (8) being complete. If p = 1 or 7 mod(8), then the automorphism group 
is not a complete group. The relations for the p = 3, 5, 7, and 1 mod 8 are: 



12 



WALTER BECKER AND ELAINE W. BECKER 



Tabic D 


automorphism groups for (C p x C P )@Z?4 


primes 


presentations 


modular relations 


3 mod(8) 
(C p x C p ) 

@(QD S X Cy) 


a 8 = b 2 = a b * a 5 = & = dP = (c, d) = 
c a * (c~x) *d x = d a * (c~ x ) * (d~ x ) = 
(b,c) = d b *d = p = (a,/) = 
(6, /) = *(<;-*)= d' * (d~*) = 1 


16 * x s = 1 mod(p) 

y = (p - 1)/2 

t» = 1 mod(p) 

(P,x,y,t) 
(3,1,1,1) 
(11,4,5,3) 
(19,3,9,4) 


5 mod(8) 
l(C p @C 4 ) 


a P = a 6 * (a- x ) ^b i = c 2 = 

(a * c) 2 * ((a -1 ) * c) 2 = 

a*c*b*c* (a~ ) * c * (6 -1 ) * c = 

(6 * c) * ((o ) * c) = 

d« = a d * (a"*) = 6 d * a * (fe^ 1 ) * a = 

M) = 1 


x 4 = 1 mod(p) 
9 = (p - l)/4 
y q = 1 mod(p) 

(p, x, q, y) 

(13,-5,3,3) 
(29,12,7,-13) 


7 mod(8) 

(Cp x Cp) 
@{D 8 x Cy) 


a = b = a * a = c p = d p = (c, d) = 
c a * ( c - x ) *d x = d a * (c~ x ) * (d~ x ) = 
(b,c) = d b *d = fy = (a,f) = 
[b, f) = c* * (c~*) =d' *(d"*) = 1 


lb * x = 1 mod(pj 

y = (p - 1)/2 

t» = 1 mod(p) 

(p, x, y, t) 
(7,2,3,4) 
(23,9,11,4) 


1 mod(8) * 


aP = fe9 = a b * (a~ x ) = c 4 = d 2 = (a, c) 
= (6, c) = (6, d) = (a * d) 2 * ((a" 1 ) * d) 2 
= 6* * (d- 1 ) * (c- 1 ) * (d- 1 ) * (c- 1 ) = 1 


q = (P ~ 1) 
= 1 mod(p) 

* = «/4 


* conjecture, see text below. 



If we replace the term a 6 * a 5 in the p = 3 mod(8) presentation and the term 
a b * a in the p =7 mod(8) presentation above with a b * a s with s given by 



p=(8-s) mod(8), 



we then have just one form that is valid for both the p = 3 mod(8) and the p = 7 
mod(8) presentations. 
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A four-generator permutation representation of this group for p = 13, of degree 
26 is: 

a = (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13); 

fe=(l,8,12,5)(2,3,ll,10)(4,6,9,7); 

c = (1, 14)(2, 15)(3, 16)(4, 17)(5, 18)(6, 19)(7, 20) 

(8, 21)(9, 22)(10, 23)(11, 24)(12, 25)(13, 26); 
d=(2,10,4)(3,6,7)(5,ll,13)(8,12,9) 

(15, 23, 17)(16, 19, 20)(18, 24, 26)(21, 25, 22). 

For the p = 1 mod(8) case we have only been able to verify the presentation for the 
first case, namely that for p = 17, 

a 17 = b 16 = a b * a 3 = c 4 = d 2 = (a, c) = (b, c) = (b, d) = 

(a * df * ((a-1) * df = b 4 * ((d~l) * (c-1)) 2 = 1. 

We conjecture that the general matrix representation of the group of order 8(p — 1) 
is given by 

where 

x 4 = 1 mod(p), 
z^-V = 1 mod(p). 

The matrix & is the matrix representation for the center of the group GL(2,p) (see 
[20]), and the group generated by < c, d > is C4wrC2- The group < b,c,d > ap- 
pears to be the same group arising in the automorphism groups for the groups of 
order 16p 2 with a D4 or Q2 action on the group C17 x C17. 

c). Q2 image case. 

The presentations of these groups of order 8p 2 can be read from the representa- 
tion of Q2 in GL(2,p). 

A matrix representation of Q2 for the presentation 
(26) a 4 = b 4 = a 2 * b 2 = a b * a = 1 

is 

where (x 2 + y 2 ) = —1 mod(p). 

The automorphism groups of these groups have the structure [21]: 



(C p x Cj,)@(group of order 24(p - 1) ). 
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The group of order 24 (p — 1), in this sequence of automorphism groups, depends 
upon the prime p as follows: 



prime 


quotient group 




p = 3 mod(8) 
p = 5 mod(8) 
p = 7 mod(8) 
p = 1 mod(8) 


GL(2,3) xC q 
SL(2,3)@C 4 xC q 
<2,3,4> xC q 
GL(2,3)@C ( 2-) xC q 


g=(p-l)/2 
«=(p-l)/4 
g=(p-l)/2 
(p - 1) = q * 2" 



In the cases where p = 1, 3, or 5 mod(8) these groups of order 24(p — 1) can be 
written in the form: 

SL(2,3)@C(p-l). 

with the presentation: 

a 2 = b 3 = (a * b * a * b * a * (& -1 )) 2 = (a, c) = (fe, c) = 
(28) = c y * (a * fe) 4 = 1, 

where x = (p — 1) and y = x/2. A matrix representation for this series of groups is 
given by: 



(29) 



a = 



s 
t 



-1 1 
-1 



where the matrix c is just the center of the group GL(2,p) and H = < a, b > is a 
representation of GL(2,3) by 2 x 2 matrices over the field GF(p). For the p = 1 
mod(8) case we have for the first few cases: 



(30) 
(31) 
(32) 
(33) 



p= (17,41,73,89,97,113); 

8 = (2,3,10,...); 

t= (9,14,22,...); 

z = (3,6,5,3,5,3, . . .). 



In the general case we have s, t and z being given by the following relations: 

(34) s 8 = 1 mod(p), 

(35) i=(p+l)/«, 
and 



(36) 



x(p-l) 



1 mod(p) 



(see [20]). In the other case, the group GL(2,3) is replaced by the group < 2, 3, 4 >. 
In this case we have the following presentation: 

(a- 2 ) * b 3 = (a- 2 ) * c 4 = (a- 1 ) *b*c = 
(37) d x =d y *a 2 = (a, d) = (b, d) = (c, d) = 1. 

Explicit presentations for the Qi image cases: 



Nota bene in the presentations below that the roles of a and b are 
interchanged in the p = 3 and 5 mod(8) cases. 
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Tabic Q 


automorphism groups for (C p x C P )@Q2 


primes 


presentations 


modular relations 


6 mod(a J 


a = b = ((a * b) * (a j * b) = 

c p = dP = (c, d) = c a * c * (d- 1 ) =d a *c = 

c b * (c" 1 ) * (d~ x ) = d b *d = 

e q = c e * (cT") = d e * (d- y ) = 

(a,e) = (b,e) = 1 


q= \p- ij/2 

a^ 1 ' = 1 mod(p) 
y q = 1 mod(p) 


5 mod(8) 


a 3 = (a, b 2 ) = {a * 6) 4 = (a * (fc- 1 )) 4 = 

C p = dP = (c, d) = c a * c * (d- 1 ) = d a * c = 

c * (a ) = a * [c ) = 

e q = (a,e) = (6, e) = c e * (cr*) = 

d e * (eT») = 1 


g=(p-l)/4 
x 4 = 1 mod(p) 
y q = 1 mod(p) 


7 mod(8) 


see discussion below 




1 mod(8) 


a 2 = b 3 = (a *b * a *b * a * (6 -1 )) 2 = 
(a, c) = (6, c) = c« = c* * (a * 6) 4 = 
rfp = e P = (d,e) = d a * (e" x ) = 
e a * (d- y ) = d b *d* (e- 1 ) =e b *d = 
d c * = e c * (e- z ) = 1 


9 = (P - 1) 
* = «/2 

a; 8 = 1 mod(p) 

y = (p + l )/ s 

z^- 1 ) = 1 mod(p) 



The case of p = 7 mod(8). The automorphism groups in this sequence are given 
by the following presentation: 



a 3 = b 4 = (a, b 2 ) = a * b * (a * (r 1 )) 3 = 
c p = d p = (c, d)=c a *c* (d- 1 ) = d a *c = 
(38) c b * c v * d x = d b * c y = d w = 

e q = (a, e) = (b, e) = c e * (c~ z ) = d e * (<T Z ) = 1, 

where 

(p, v, w, x, y) = (7, 1. - 1, 1, 5), (23, 1, -1, 7, 3), 
(31,1,-1,12,5), (47,1,-1,18,26), (71,1,-1,7,20) 

and q=(p- l)/2, z q = 1 mod(p). 
Here the matrices are 

<39 » J)- 6 =(; :)■ 

Here a and 6 generate the group < 2, 3, 4 >. 
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An alternate representation for this automorphism group is based upon the group 
< 2, 3, 4 > xC q and is generated by matrices of the form ffify . and is (for p = 7) 

a 3 = = (a, b 2 ) = (a * (fe" 1 )) 4 * (b^ 5 )) = 

(40) c p = <P = (c, d)=c a *c* (d- 1 ) = d a *c = 

c b * ((c- 1 ) * (d- x ) = d b *d* (c~ v ) = 
(a*b) 4 *b 2 = 1, 

and for p > 7 we have 

a 3 = b^ = (a, b 2 ) = (a * (fo- 1 )) 4 * (b-^) = 

(41) c p = d v = (c, d)=c a *c* (d- 1 ) = d a *c = 

c b * ((c- 1 ) * (d- x ) = d b *d* (c~ v ) = 

(a * b) 2 * (a- 1 ) * (&- 1 ) * (a * (6" 1 )) 2 * (a" 1 ) * 6 = 1. 

In this form [b] has order 4*g = 4*(p— l)/2. For many (but not all!) primes 
of the form p = 7 mod(8) one can represent the generator [b] for the presentation 
(|38|l with v = —w = 1, and x * y = —2 mod(p). One can also find representations 
for [b] for the form l|49(l with v — — w — 1. I do not have closed form expressions 
for the values of x and y, for either form of the above presentations. 

This is a problem in the representation theory of < 2,3,4 > in terms of 2 x 2 
matrices over the field GF(p). See Appendix 2 for details. 

7. Appendix 2 

Question on Matrix Representations of the Coxeter Group <2,3,4>by2x2 
Matrices over GF(p). 

The Coxeter group < 2, 3, 4 > arises in connection with getting the presentations 
for the automorphism groups of the groups 

(42) {C p x C P )@Q 2 when p = 7 mod(8). 

For many cases the following matrices will give a matrix representation for the 
Coxeter group < 2,3,4 >: 

'-G-0- 

Here the matrix a has order 3 and b is of order 4. The presentation for this matrix 
representation is 

(44) a 3 = 6 4 = (a, 6 2 ) = a * 6 * (a * (fe^ 1 )) 3 = 1 
when the entries in the matrix b obey the relation: 

(45) x * y = — 2 mod(p). 

Problem. Find an algebraic method for determining the values of x and y in the 
above matrix b. The following are the values found by trial and error (actually a 
computer run for various primes). 
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prime 


[x,y) 


prime 


{x,y) 


prime 




7 


(1,5) 


103 


none 


223 


(57,43) 




(2,6) 








(I0l,ll7) 


23 


(7,3) 


127 


none 




(106,122) 




(20,16) 








(180,166) 


31 


(12,5) 


151 


none 


239 


/ O 1 1 01 \ 

(31,131) 




(26,11) 








(46,187) 


47 


(18,26) 


167 


(54,68) 




(52,193) 




(21,29) 




(99,113) 




(108,208) 




(20,14) 


191 


(8,143) 


263 


none 




(33,27) 




(42,100) 






71 


(7,20) 




(48,183) 


271 


(114,19) 




(51,64) 




(91,149) 




(209,35) 


79 


(19,29) 


199 


(12,33) 




(236,62) 




(50,60) 




(166,187) 




(252,157) 



Matrix representations of the form (|43|l do not exist for the primes 103, 127, 
151 and 263. The values listed in the above table are apparently the only possible 
values for x and y yielding the above representation. 

Alternate forms are required for the primes 103, 127, 151, and 263 and probably 
others larger than 263. A few possible choices for the matrix b, which together with 
a above obeys the relations (|44|l . are: 



(46) 



b = 



v x 

y w 



where (v, x, y, w) are given in the following table: 



prime 



103 
127 
151 
263 



(v,x,y,w) values 



(99,99,30,4), (43,43,48,60), (62,21,18,41)... 
(65,65,19,62), (78,29,123,49) (53,117,27,74).. 
(133,79,15,18), (77,12,135,74), (52,15,21,99).. 
(82,82,11,181), (164,28,82,99), (191,16,54,72). 



The values (v, x, y, w) given are just a sample; there are a large number of quadru- 
ples that will work here. They were found by using the matrix representation for 
< 2, 3, 4 > xC q given below and then raising the matrix b to the power q. 

For the primes 103, 127, 151, and 263 (as well as for the other primes p = 23, 31, 
. . . ), alternate matrix representations were found for the group < 2, 3, 4 > xC q . A 
selected sample of the values for (a;, y) that appear in the matrix b (which now has 
order 4 * (p — l)/2) follows: 



(47) 



where b has order 4 



p-1 



Some choices for (x, y) are given in the following table: 
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prime 




prime 


{x,y) 


n r a 1 

7 [4] 


/ -1 A \ 

(1,4) 


79 [1] 


(15,22) 




(3,3) 


103 * 


(1,44) 




(3,6) 




(100,44) 




/ A A \ 

(4,4) 






23 [22] 


(1,9) 


127 


(1,56) 




(1,16) 




(2,26) 




(2,7) 




(24,2) 


31 [16] 


(3,14) 


151 


(4,125) 




(4,26) 




(25,95) 


47 [23] 


(1,19) 




(52,193) 




(1.39) 




(108,208) 




(12,22) 


263 * 


(1,29) 




(17,3) 




(29 ,200) 


71 [8] 


(17,13) 








(61,43) 






The numbers in the square brackets indicate the 
number of solutions found. A * means the 

run was truncated before all solutions 
were found. In the case of p — 103 all were 
found but it was a very large number 
and was not counted. No computer runs 
were done for the other primes. 



The presentations for the groups < 2, 3, 4 > xC q are given by (for p = 7): 

(48) a 3 = (a,b 2 ) = (a * b) 4 *b 2 = (a* (6" 1 )) 4 *b~ 2 for p = 7, 

and for p > 7, 
(49) 

a 3 = (a,b 2 ) = (a*^ 1 )) 4 *^-*) = (a*6) 2 * (a" 1 ) * (b^ 1 ) * (a* (6" 1 )) 2 * (a" 1 ) *fo = 1. 

Here x = p — 5. These presentations for the group < 2,3,4 > xC q have been 
checked out for primes up to 151 and for p — 263. 

This thus poses the interesting question in the theory of group representations 
for the group < 2,3,4 >: 

What algebraic relationship does the pair (x, y) obey such that 
the presentation l|44|l (or I49[) is satisfied? More generally, what 
conditions on the elements of the following order 4 matrix 

(50) b' = ( V X ) 

\y wj 

are required in order for < a,b' > to obey the presentation or re- 
lations (|4"4"|) ? 
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If one has access to a programming system such as Maple or 
Mathematica one may be able investigate this problem rather eas- 
ily; otherwise, it could be a fairly messy algebra problem. Remem- 
ber what you are looking for is a representation valid for all primes 
p = 7 mod(8). 
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Table 1 

Groups of order 8p and their automorphism group factors 


2-group 


Normal sylow p cases; 
image of 2-group 


Normal sylow 
2-subgroup cases 


02 


04 




c 8 


[a] C 2 x C 2 


[a] C 2 


I 




O4 X C-2 


|aj Ui 

[b] C 2 


|aj i_/2 






C 2 x C 2 

XC* 2 


[a] 5 4 






yes, G — Ai x C 2 
Aut(G) = Si 

yes, Frobenius group 
of order 56 
|Aut(G)| = 168* 




[a] C 2 x C 2 

[b] L> 4 








Q2 


[b] D 4 






yes, G = SL(2,3) 
Aut(G) = 5 4 



Notes for Table 1 



* This order 168 group is the complete group of this order. 
This group is isomorphic to a degree 8 permutation group 
with generators: 
a = (1,2)(3,6,7,4,5,8) b = (1,7,2,6,4,5)(3,8) 

and presentation: 

a e = (a* b^ 1 ) 3 = b 6 = a 2 * b^ 1 *a*b* aT 2 * b = (a 2 * b) 2 * aT 1 * b~ 2 = 1 



There is one additional case without a normal sylow subgroup, 

namely Si. 

Aut(S* 4 ) - Si. 

The automorphism groups of the groups of order 8p with a normal 
sylow p-subgroup are obtained by forming the direct product of 
Hol(C p ) with the entry in the above table. 



Relations used for the groups of order 8: 
C 8 : a 8 = 1 C 4 x C 2 : a 4 = b 2 = (a, b) = 1 D 4 : a 4 = b 2 = ab * a = 1 
C 2 x C 2 x C 2 : a 2 = b 2 = c 2 = (a, b) = (a, c) = (b, c) = 1 
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Table 2 


Groups of order 8 * p 1 and their automorphism groups; 
cases with a normal sylow p-subgroup 




image of 2-group 


2-group 


G 2 x G 2 


c 4 


order 8 cases 


c 8 




[a] C 2 x [144]* 


[a] [144]* 
for p = 1 mod(8) 
see table 6 


G 4 x G 2 


[a,b] G = Q p x D p 
C 2 x C 2 x 

Hol(C p ) x fl-oZ(Cp) 


[a] G = C 2 x 

(Cp X C p )@C4 

G 2 x [144]* 


For p = 1 mod (4) 

[a,b] G = Hol(C p ) x Dp 
Hol(C p ) x Hol(C p ) 




r i ii 

[ab,b] 




For p = 1 mod (4) 




(Hol(C p ) x G 2 )u;rG 2 




[a,ab] Hol(C p )wrC 2 


G 2 x G 2 
xG 2 


[a,b] 

G = Dp x Dp x G 2 
(Hol(C p ) x C 2 )wrC 2 








[a,b] 

C 2 x C 2 x 

ffoZ(C p ) x ffoZ(G p ) 




for p = 3, G = S^wrC 2 
and Aut(G) is a 
is a complete group 
of order 144 = [144] * 




[ab,a] 








(Hol{C p ) x G 2 )wrG 2 








[ab,a] 




p = 3 ffoZ(G 3 x G 3 ) 




(Hol(C p ) x C 2 )wrC 2 




p > 3 complete group 
not Hol(C p x C p ) * 


totals 


6 


2 


3 


* See Notes for Table 2 contained in Appendix 1: 
for the Z?4 case see Table D, 
for the Q 2 case see Table Q. 
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Table 3 




Groups of order 8 * p 2 


without a normal p-subgroup of odd order 


Groups of order 8 * p 2 with a normal 
sylow 2-subgroup 


2-group 


p-group 


group 


Aut(G) 


G 2 x G 2 x C 2 


G 3 x G 3 


A 4 x G 3 x C 2 


Si x S 3 






(G 2 x G 2 )@G 9 x G 2 


S 4 x G 3 




G 7 x G 7 


(G 2 x G 2 x G 2 )@G 7 
xG 7 


[168] xHol(C 7 ) ** 




G49 


(G 2 x G 2 x G 2 ))@G 49 


[168] xG 6 ** 


Q2 


G 3 x G 3 


5L(2, 3) x G 3 


S 4 x S 3 




G 9 


Q 2 @G 9 


S 4 x G 3 


** [168] is the complete group of this order; sec Table 1 for details. 


Non- normal sylow subgroup types: p = 3. 


SixC 3 — > Aut(G) =S 4 xC 2 
A x S 3 — > Aut(G) = S±xS 3 
(G 2 x C 2 )@D 9 — ► Aut(G) = complete group of order 216 
(A4 x C*3)@G2 [even permutations in S3 x S4]. 
Aut(G) = complete group of order 432 
with 20 conjugacy classes. 


A presentation for the complete group of order 216 is: 


a 2 = b 2 = c 3 = {a, c) = (a* d) 2 = (b,c) = c * d 2 * (c" 1 ) * d 
= a*b*a*d*b* (d^ 1 ) = (a * b) 2 * (cT 1 ) * b * d = 1; 


A presentation for the complete group of order 432 is: 


a 4 = b 2 = c 3 = d 2 = (a, c 
= (b * c) 2 * (& * (c" 


) = (a, rf) = (a, d) = (b, d) = (c* d) 2 = (a * b) 3 
1 )) 2 = a*b*a*c*b*c*a*b*c = 1; 
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Table 4 




C$ extensions from Yuanda's work [16] 


prime 


C*2 image 


C4 image 


Cs image 


p = 1 mod(8) 


(2,6) 


(3,5,8,9) 


(4,7,10,11,12, 
13,14,15) 


p = 3 mod(8) 


(2,6) 


(5) 


(16) 


p = 5 mod(8) 


(2,6) 


(3,5,8,9) 


(7) 


p = 7 mod(8) 


(2,6) 


(5) 


(17) 
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Table 5 

Explicit representations for (C p x C p )@Cs 
for some small primes 


prime 


C*2 image 


C4 image 


C$ image 


P = 3 


(1,0;0,-1) 
(1,0;0,1) 


(0,-l;l,0) 


16)=(0,1;1,1) 


p = 5 


/inn 1 \ 

(1,0;0,-1) 
(1,0;0,1) 


(2,0;0,-l) 
(2,0;0,1) 
(2,0;0,2) 
(2,0;0,3) 


7)=(0,1;2,0) 


P = 7 


(1,0;0,-1) 
(1,0;0,1) 


(0,-l;l,0) 


17)=(0,1;-1,3) 


p = 1 mod(8) 
(p = 17). 


(1,0;0,-1) 
(1,0;0,1) 


(4,0;0,-l) 
(4,0;0,1) 
(4,0,0,4) 
(4,0;0,-4) 


4)=(-2,0;0,-2) 
7)=(0,-l;4,0) 

10) =(-2,0;0,-4) 

11) =(-2,0;0,4) 

12) =(-2,0;0,8) 

13) =(-2,0;0,-8) 

14) =(-2,0;0,1) 

15) =(-2,0;0,-l) * 


* Zhang Yuanda says number 15 has a center of order 1. 
This is not the case. This group has the form 
(C 17 @C W ) x Cyj. 
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Table 6 

Automorphism groups for the groups given in Table 5 


prime 


C2 image 


C4 image 


C$ image 


P = 3 


Hol{Cz) x G2 
x C 2 x C 2 

i/ ;(C 3 x C 3 ) 
xC 2 x C 2 


rl{6 ) x C 2 


lb) = H [3 J 


p = 5 


i? ;(c 5 ) x c 4 

xC 2 x C 2 
Hol{C 5 x C 5 ) 
xC 2 x C 2 


Hol(C 5 ) x C 4 x C 2 
Hol(C 5 ) x Hol(C 5 ) x C 2 
iJo^Cg x C 5 ) x C 2 
(ffo^(C 5 )w;rC 2 ) x C 2 


7) = H{5 2 ) 


p = 7 


i? ;(c 7 ) x c 6 

xC 2 x C 2 
Hol(C 7 x C 7 ) 
xC 2 x C 2 


H(7 2 ) x C 2 


17) = H (7 ) 


p = 1 mod(8) 
{e.g.,p= 17). 


See comments below for the 
C 2 and C4 image cases. 


A)=Hol(C p x C p ) 
7)=Hol(Cp)wrC 2 

10) =Hol(C p ) x Hol\c p ) 

11) =Hol(C p ) x Hol{Cp) 

12) =Hol(C p )wrC 2 

13) =Hol(C p )wrC 2 
U)=Hol(Cp) x Hol(C p ) 

l5)=Hol(C p ) x C (p _d 


H(p n ) is the group of all mappings x a * x + b, 
where and 6 are elements of the Galois group of 
F = GF(p n ) and t is a field automorphism of F. 
The order of H(p n ) is p n * (p n — 1) * n. 


For the p = 3 mod(8) and p = 7 mod(8) cases, the entries in 

Table 6 have the following generalizations: 
In the C 2 image cases just make the following substitutions: 
Hol(C 3 ) x C 2 by Hol(Cp) x C( p _i) and 
Hol(C 3 x C 3 ) by #oZ(C p x Cp). 
In the C4 image cases just make the following substitutions: 
[144] (Table 2) by Aut[ {C p x C P )@C 4 ] = H{p 2 ). 
The analogue, or recurrence, for the p = 1 mod(4) 
case is Hol(C p )wrC2- 
In the C8 image cases just make the following substitutions: 
H(3 2 ) [ H{7 2 ) respectively ] by H(p 2 ). 


For p = 1, 5 mod(8) make the following changes in the p = 5 cases: 
In the C2 image cases just make the following substitutions: 

C 5 by C p and C 4 by C (p _i). 
In the C4 image cases just make the following substitutions: 

C5 by C p and C 4 by C( p _iy 
In the C8 image cases just make the following substitutions: 
H(b 2 ) by H{p 2 ) \p = 5 mod(8) here]. 
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